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Mathematics  

REAL ANALYSIS – I 

Time : Three hours Maximum : 75 marks 

SECTION A — (10 × 2 = 20 marks) 

Answer ALL questions. 

1. Define Cartesian product. 

 Põºmi]¯ß ö£¸UPÀ Áøμ¯Ö. 

2. Define a Sequence. 

 Á›ø\ Áøμ¯Ö. 

3. Define a monotone sequence. 

 ÷©õ÷Úõ÷hõß Á›ø\ Áøμ¯Ö. 

4. Given an example of Cauchy sequence. 

 Põ]¯ì öuõh¸US GkzxUPõmk u¸P. 
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5. Define a harmonic series. 

 Bº÷©õÛU öuõhº Áøμ¯Ö. 

6. Define the class 2l . 

 ÁºUP® 
2l  Áøμ¯Ö. 

7. Define rearrangement. 

 ©Ö JÊ[Pø©Ä Áøμ¯Ö. 

8. Define a metric space. 

 ¯õ¨¦öÁÎ Áøμ¯Ö. 

9. Define an open set. 

 vÓ¢u Pn® Áøμ¯Ö. 

10. Define a closed set.  

 ‰i¯ Pn® Áøμ¯Ö.   

SECTION B — (5 × 5 = 25 marks) 

Answer ALL questions. 

11. (a) Prove that the set of all rational numbers is 
countable. 

  ÂQu •Ö GsPÎß Pn® GsohzuUPx GÚ 

{ÖÄP. 

Or 
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 (b) If  1nnS is sequence of non – negative 

numbers and if 
n

lim LSn  , show that .0L  

   1nnS  GßÓ Á›ø\°À EÒÍ Gvº©øÓ 

AÀ»õu GsPÒ GÛÀ ©ØÖ® 
n

lim LSn  , 

GÛÀ 0L  GÚ {ÖÄP. 

12. (a) If a sequence of real numbers  1nnS  is 

convergent, verify that  1nnS  is bounded. 

   1nnS  Á›ø\°À EÒÍ ªøP GsPÒ J¸[S® 

GÛÀ  1nnS  Áμ®¦øh¯x GÚ {ÖÄP. 

Or 

 (b) If  1nnS  and  1nnt  are bounded sequence of 

real numbers, prove that 
n

lim  sup 

  



n

nn tS lim sup 



n

nS lim sup nt . 

  
n

lim inf    nn ts
n

lim  inf 



n

nS lim inf nt . 

   1nnS  ©ØÖ®  1nnt  BÚx Áμ®¦øh¯ 

Á›ø\PÒ GÛÀ, 
n

lim  sup 

  



n

nn tS lim sup 



n

nS lim sup nt  
n

lim inf 

   nn ts
n

lim  inf 



n

nS lim inf nt   GÚ {ÖÄP. 
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13. (a) Find the series  


1

1

n
n  is divergent. 

   


1

1

n
n  J¸[Põx GÚ {ÖÄP. 

Or 

 (b) If for some Rx  the power series 


0n

n
nxa  

and 


0n

n
nxb are absolutely convergent then 
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n
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  ]» Rx  EÒÍ £Áº^›ì 


0n

n
nxa  ©ØÖ® 




0n

n
nxb  BÚx •ØÔ¾® J¸[S® GÛÀ 











0n
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n
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n
n xcxb 


















00

 GÚ {ÖÄP. 

14. (a) If   1nnsS and   1nntt are in 2l , show 

that 


1n
nnts is absolutely convergent and 
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    1nnsS  ©ØÖ®   1nntt  Gß£x  
2l  EÒÍx 

GÛÀ 


1n
nnts  •ØÔ¾® J¸[S® 

  









1

2

n
nnts

2/1

1

2

2/1

1

2

















 







 n
n

n
n ts GÚ  

{¸¨¤UP. 

Or  
 (b) Let f be a non – decreasing function on the 

bounded open interval (a, b). If f is bounded 
above on (a, b), verify that 

bx
lim )(xf exists. 

Also if  f is bounded below on (a,b) prove that 

ax
lim )(xf  exist. 

  vÓ¢u CøhöÁÎ (a, b) °À f GßÓ 

SøÓUP¨£hõu ö\¯À£õk Áμ®¦øh¯x GÚ 

GkzxU öPõÒ÷Áõ®. (a, b)°ß ÷©÷» f 
Áμ®¦øh¯x GÛÀ 

bx
lim )(xf  EÒÍx GÚ 

{ÖÄP.  

(a, b)°ß R÷Ç f Áμ®¦øh¯x GÛÀ 
ax

lim )(xf  

EÒÍx GÚ {ÖÄP. 
15. (a) If f and g are real – valued functions. If f is 

continuous at a, and if g is continuous 
at )(af , show that fg  is continuous at a. 

  f ©ØÖ® g BÚx Esø©¯õÚ ©v¨¦ÒÍ 

ö\¯À£õk GÛÀ, a °À f öuõhºa]¯õÚx 

GÛÀ ©ØÖ® )(af  °À g öuõhºa]¯õÚx 

GÛÀ, a °À fg   öuõhºa]¯õÚx GÚ {ÖÄP. 

Or 
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 (b) If ℱ is any family of closed subsets of a 
metric space M, show that  F ℱ is also 
closed. 

  ¯õ¨¦ öÁÎ M ß ‰i¯ xøn Pn[PÐøh¯ 

G¢u Sk®£•® ℱ GÛÀ,  F ℱ BÚx 

÷©¾® ‰i¯x GÚ {ÖÄP. 

SECTION C — (3 × 10 = 30 marks) 

Answer any THREE questions. 

16. If BAf :  and ,Ax   Ay   prove that 

     yfxfyxf  . 

 BAf :  ©ØÖ® ,Ax   Ay   GÛÀ 

     yfxfyxf   GÚ {ÖÄP. 

17. If  1nnt is a sequence of real numbers, and 

n
lim ,Mtn   where 0M verify that 

n
lim M

nt
1

1









. 

  1nnt  Gß£x ö©´ GsPÎß Á›ø\ GÛÀ, 

n
lim ,Mtn   GÛÀ, 0M , 

n
lim M

nt
1

1









 GÚ 

{ÖÄP. 
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18. If 


1n
na  is a convergent series, show that 

n
lim .0na  

 


1n
na  Gß£x J¸[S® öuõhº GÛÀ, 

n
lim  GÚ 

{ÖÄP. 

19. Let ,M  be a metric space. If  1nnS  is a 

convergent sequence of points of M, prove that 
 1nnS  is Cauchy. 

 ¯õ¨¦ öÁÎ ,M  GÚ GkzxU öPõÒ÷Áõ®.  1nnS  

Gß£x J¸[S® Á›ø\°Ýøh¯ ¦ÒÎ M GÛÀ 

 1nnS  Gß£x Põ]¯ì GÚ {ÖÄP. 

20. If E is any subset of a metric space M, verify that 
E is closed.  

 ¯õ¨¦öÁÎ M Eøh¯ G¢u J¸ E£Pn® E GÛÀ, E  

‰i¯x GÚ {ÖÄP.  

———————— 


